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A bstract 
Du, D.-Z., D.F. Hsu and G.W. Peck, Connectavity of consecutive-d digraphs, Discrete Applied 
Mathematics 37/38 (1992) 169-177. 
The concept of consecutive-d digraph is proposed by Du, I-!!,u and Hwang. It generalizes the class 
of de Bruijn digraphs, the class of Imase-Itoh digraphs and the class of generalized de Bruijn 
graphs. We modify consecutive-d digraphs by connecting nodes with a loop into a circuit and 
deleting all loops. The result in this paper shows that the link-connectivity or the connectivity of 
modified consecutive-d digraphs get better. 
1. Introduction 
A consecutive-d igraph G(d, n, q, r) defined in [2] is a digraph with n (> d:! nodes 
labeled by the residues module n, _7n. A link from i to j exists iff j= qi+ r, qi+ 
r+l ,...,qi+r+d-1 (moidn) for some given q and r, q&Z,\{O), r&Z,. The con- 
cept of a consecutive-d igraph generalizes many interconnection etworks of com- 
puter and multiprocessor systems. For example, q = d and r = 0 yield the generalized 
de Bruijn digraphs Gs(d, n) [3,7,12] and q = n - d and r = n - d yield the Imase-Itoh 
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&graph G,(d,n) [8]. The connectivities of Gs(d,n) and G,(d, n) have been well 
studied. Imase, Soneoka and Okada [9] showed that for nrd3, the connectivity of 
G,(d, n) is at least d- 1 and the connectivity of GB(d, n) is exactly d - 1. Du and 
Hwang 131 showed that the link-connectivity of G](d, n) is d iff it contains no loop, 
i.e., (d+ 1) i n. Homobono and Peyrat [S] showed that for n zd4, the connectivity 
of G,(d, n) is d iff it contains no loop and gcd(n, d)> 1. Clearly, the existence of 
loops decreases the link-connectivity and the connectivity of these digraphs. A sim- 
ple way to improve them is to delete all loops and connect hose nodes having loops 
into a circuit. This improvement of the generalized e Bruijn digraphs has been 
studied for d=2 in [1,12] and for d>2 and n>d3 in [13]. In this paper, we study 
the general case. We will show that for d> 2, the link-connectivity of a consecutive-d 
digraph G(d, n, q, r) with the modification is d iff gcd(q, n) 1 d. If in addition, d 1 n, 
the connectivity of the consecutive-d igraph G(q, n, d, r) with the modification is d. 
As special cases, our result shows that the link-connectivity of modified GB(d, n) 
and G[(d, n) is d and if d 1 n, then the connectivity of modified G&&n) and 
G,(d, n) is d. Therefore, the modified GB(d, n) and G,(d, n) with the same degree 
and at least the same diameter comparing with GB(d,n) and G&&n) form a class 
of digraphs with better connectivity or link-connectivity. 
2. Loops 
We show some preliminary results about loops in this section. 
Lemma 2.1. If dr 2, then G(d, n, q, r) has either no loop or at least two loops. 
Proof. Note that there is a loop at node i iff for some k E (0, . . . , d - 11, 
(q-l)i+r+k=O (modn). (*) 
If gcd(q - 1, n) = 1, then for every k = 0, . . . , d- 1, there exists i satisfying (*). Since 
dz 2, G(d, n, q, r) has at least two loops. If gcd(q - 1, n) =p > 1 and a loop exists, 
then ( *) holds for a pair of i and k. It follows that (q - l)(i+ n/,u) + r+ k=O (mod n). 
This means that G(d, n, q, r) also has a loop at i+ n/p. cl 
Lemma 2.2. At each node, G(d, n, q, r) has at most one loop. 
Proof. Note that n >d. If G(d, n, q. r) has a loop at node i, then the loop 
i + qi + r + k is uniquely determined by the equation k= - (q - ’ )i - r (mod n). 0 
Let D(d,n,q,r) denote a digraph obtained from G(d, n,q,r) by connecting all 
nodes with a loop into a circuit and deleting all loops. By Lemmas 2.1 and 2.2, we 
can conclude that 
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Theorem 2.3. D(d, n, q, r) has no loop for dr 2. 
It is worth mentioning that D(d, n,q, r) is, in general, of multiple links. In fact, 
if the multiple links are not allowed, then we cannot construct D(3,4,3,0). 
3. Connectivity 
We first show our result about the link-connectivity. Denote g = gcd(n, q). 
Theorem 3.1. If d is not a multiple of g, then the Iink-connectivity of D(d, n,q, r) 
is at most d-l. 
Proof. Partition the n nodes of G(d, n, q, r) into n’= n/g groups of g nodes where 
the group gi consists of nodes {i, i+ n’, . . . , i+ (g - l)n’}. Then nodes in the same 
group have the same set of d successors. Therefore the indegree of each node is a 
multiple of g. Since d is not a multiple of g, there exists a node of indegree less than 
d. Note that for each node, the indegrees in G(d, n, q, r) and in D(d, n, q, r) are equal. 
Therefore, the link-connectivity of D(d, n,q, r) is at most d - 1. Cl 
Lemma 3.2. If g 1 d, then the indegree and the outdegree of a node of D(d, n, q, r) 
are d. 
Proof. Consider any node j. The link i-, j exists in G(d, n, q, r) iff for some 
k=O, . . ..d- 1, 
j=qi+r+k (modn). ( **) 
However, the equation ( **) has a solution iff g 1 (r + k -j). Since g Id, there are d/g 
values for k such that g 1 (r+ k-j j. For each such k, (**) IS equivalent o the follow- 
ing equation 
O=q’i+ k’ (mod n’) 
where n’= n/g, q’= q/g and k’= (r + k - j)/g. Since gcd(q’, n’) = 1, there are exactly 
d/g numbers in (0, . . . , d- 1) satisfying the latter equation. Therefore, the indegree 
of node j is d. It is a trivial fact that the outdegree of each node is d. 0 
Theorem 3.3. Let d 2 2. Then, the link-connectivity of D(d, n, q, r) is d iff g 1 d. 
Proof. By Theorem 3.1, we need to prove only sufficiency. First consider the case 
gcd(q, n) = 1. Suppose to the contrary that the link-connectivity of D(d, n, q, rj is less 
than d. Then, its nodes can be partitioned into two disjoint nonempty subsets A and 
B such that there are at most d- 1 links from A to B. Since the indegree and the 
outdegree of each node in D(d, n, q, r) are equal, the number of links from A to B 
must equal that of links from B to A. Therefore, there are at most 2(d - !) links be- 
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tween A and B. Without loss of generality assume that IA 15 IBI. Since D(d, n, q, r) 
has no loop and every node has indegree and outdegree d, we have IA I 12. Next, 
we consider two cases. 
Case 1: d is even. Partition G(d, n, q, r) into d/2 subgraphs G(2, n, q, r + 2k), 
k=0,2, . . . . d/2 - 1. Then at least one of them, say G(2, ;“r, q, t), has at most one link 
from A to B. Note that in G(2, n, q, t), the number of links from A to B must equal 
that of links from B to A. Thus, G(2, n, q, t) has at most two links between A and 
B. Now, let G’ be the bipartite (undirected) graph with nodes (0, 1, . . . , (n - l), 0’, 
l’, . . . . (n - 1)‘) and edges { i’+j: i + j is a link in G(2, n, q, t)}. We claim that 6’ is 
a cycle. To see this, it suffices to show that for each pair of consecutive nodes 
(u, v+ l), there exists a node u such that 24 ‘+ v and u’-,(v+ 1) are two edges of G’. 
Since gcd(n, q) = 1, the equation qu + t= v (mod n) has a solution. Such a solution 
u meets our requirement. Note that G’ being a cycle implies that G(2, il, q, t) is con- 
nected. This fact will be used later. (If G(2,n,q, t) is disconnected, then its nodes 
can be partitioned into two subsets U and V such that there is no link from U to 
V. It follows that there is no link from I/ to U. Thus, G’ is disconnected.) Let 
A’=(i’: iEA) and B’=(i’: iEB}. Sincelinksi+jof G(2,n,q,t)mapbijectivelyto 
edges i’+j of G’, there are at most two edges between A UA’ and BU B’. The 
removal of such edges partitions G’ into at most two disjoint connected parts. The 
nodes in each part are either all in A U A’ or all in B U B’. Thus, the nodes in A (and 
B) must be labeled by consecutive numbers in Zn. 
Subcase 1.1: q#I, - 1. Since gcd(q, n) = 1, there is a unique XE Zn such that 
qx= 1 (mod n). Since q# 1, - 1, we have 2rxsn-2. We first assume 2sxsn/2. 
SupposethatA=(i,i+l,..., j}. Consider the pair (i, i-x}. Since IA I I IBl, we have 
i -x E B. Noting that q(i - x) + t + 1 = qi + t (mod n), we obtain the existence of one 
of links i-,qi+t and i-z --) q(i-x) + t + 1 lying between A and B. Similarly, con- 
sidering pairs ( j, j+x} and {i + 1, i + 1 -x} we can also see that one of links 
j --) qj + t + 1 and j+ x-, q( j+ x) + t lies between A and B and one of links 
i+l-+q(i+I)+t and i+l-x-+q(i+l-x)+t+l lies between A and B, contradic- 
ting the fact that G(2, n,q, t) has at most two links between A and B. 
Now, we assume n/2<xr n - 2. By applying the above argument to pairs 
(i, i+x>, ( j, j -x> and (i + 1, i+ 1 +x), we can also find three links between A and 
B in G(2,n,q, t) a contradiction. 
Subcase 1.2: q=l. Let A=(i,i+l,..., j>. Then A’=((i-t)‘,(i+l-t)‘,..., 
(j-t)‘} or ((i-t-l)‘,(i-t)‘,..., (j - t - 1)‘). Therefore, we: must have i= i - t or 
i-t-l(modn).Thatis,t=Oorn-l.Whent=Oorn-l,everynodeofG(2,n,q,t) 
has a loop. Thus, D(d, n, q, r)\ G(d, n, q, r) is a Hamiltonian circuit which must con- 
tain a link from A to B. It follows that G(d, n, q, r) has at most d - 2 links from A 
to B. Note that W, n, q, 1) and G( 1, n, q, n - l), which are subgraphs of G(2, n, q, 0) 
and G(2,n,q, n - 1) respectively, are also Hamiltonian circuits. Thus, there are at 
most d - 3 links from A to B in d/2 - 1 digraphs G(2, n, q, r + 2k) for k = 0, . . . , d/2 - 1 
and r + 2k f t. Hence, there exists G(2, n, q, s), s # 0, n - 1, which has at most one link 
from A to B. Applying the above argument o G(2, n, q, s), we obtain a contradiction. 
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0 
Fig. 1. G(2,8,-1.3). 
Subcase 1.3: q= -1. (See Fig. 1.) Let A = (i,i+ 1, . . . . j). Then A’= {-i+f, 
-i-l+&..., -j+t} or (--i+t+l,-i+t,..., -j+t+l}. Thus, i+j=t or t+l 
(mod n). If D(d, n, q, r)\ G(d, n, q, r) has a link from A to B, then G(d, n, q, r) has at 
most d - 2 links from A to B. Since every G(2, n, q, r + 2k) is connected, there exists 
s = r + 2k other than t such that G(2, n, q, s) has at most one link from A to B. Apply- 
ing the above argument o G(2, n, q, s), we can also get i+ j =s or s+ 1 (mod n). 
Therefore, t = s, a contradiction. 
If D(d, n, q, r) \ G(d, n, q, r) has no link from A to B, then nodes having loops are 
either all in A or all in B. Note that if i+ j is a link of G(l, n, q, t) (G( 1, n, q, t+ l)), 
then the link j 4 must exist in G(l,n,q,t) (G(l,n,q,t+l)). Thus, G(l,n,q,t) and 
G(l, n, q, I+ 1) can be seen as undirected graphs. When we do so, it is easy to see 
that all edges of G( 1, IZ, q, t) (G(1, n, q, I+ 1)) except loops form a matching of 
G(2, n, q, t). Thus, ignoring the loops, G(2, n, q, t) is a union of two matchings and 
hence is a disjoint union of circuits and paths. Since G(2, n, q, t) is connected, it is 
either a Hamiltonian circuit or a Hamiltonian path. However, G(2,n,q,t) being a 
Hamiltonian circuit contradicts that G(2,n,q, t) has only one link from A to B. 
Therefore, G(2, n, q, r) is a Hamiltonian path. The two endpoints of the path must 
belong to A and B, respecf%ely. However, every endpoint of the path must have 
a loop, a contradiction. 
Case 2: d is odd. Consider two digraphs G(3, n, q, r) and G(d- 3, n, q, r+ 3). If 
G(d - 3, n, q, r+ 3) contains at most d - 4 links from A to B, then apply Case 1 to 
G(d L- 3, n, q, r + 3). So G(d- 3, n, q, r + 3) contains at least d- 3 links from A to B. 
Thus G(3, IZ, q, P) contains at most two links from A to B. We claim that G( 1, n, q, r) 
and G(1, n, q, r+ 2) have no link from A to B. For otherwise, suppose that 
G(l,n,q,r) (G(l,r;,q,r+ 2)) has a link from A to B. Then. G(&n,q,r+ 1) 
(G(2, n, q, r)) has at most one link from A to B. Apply Case 1 to it, we obtain a con- 
tradiction. Since the number of links from A to B must equal that of links from B 
to A, G(I, n, q, r) and G( 1, n, q, r + 2) have no link between A and B. Note that for 
any node v, there is a node i such that qi+ r= v (mod n). The links i-, v and i-+ u + 2 
belong to G( 1, n, q, r) and G( 1, n, q, r + 2), respectively. It foliows that for any node 
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11, uand r~ +- 2 must be either both in A or both in B. If n is odd, then the fact implies 
that nodes 0, . . . , n - 1 must be either all in A or all in B, a contradiction. If n is even, 
the fact implies that A={O,2,...,n-2) and B={l,$...,n-1) (or the other way 
around). Since gcd(n, q) = 1, q is odd. If r is odd, then 0 --) r is a link between A and 
B. Thus, r is even. Hence, all links i + qi+ r + 1 are between A and B. Note that 
G@,n,q,r) has at most four links between A and B. Therefore n (4. Since n>d? 3, 
we have n=4 and d=3. 
If G(3,4, q, r) has no loop, then it is a complete digraph of four nodes and hence 
has the connectivity d= 3, a contradiction. Thus, G(3,4, q, r) has a loop. We claim 
in this case that every node has a loop. To see this, note that the node i has a loop 
iff i(q - 1) E r + k (mod 4) for some k = 0, 1,2. Since q is odd and r is even, k = 0 Of 
2. Suppose that the node i has a loop. If q- 1 =O (mod 4), then r+ k=O (mod 4). 
Hence, for anyj, j(q - 1 j = r + k (mod 4j,‘that is, every nodej has a loop. If q - 1 = 2 
(mod4), then r+k=2i (mod4). Thus, forj=i (mod 2),j(q- l)=r+k (mod 4) and 
for j= i+ 1 (mod 2), j(q - 1)~ r+ k + 2 (mod 4). Hence, every node j has a loop. It 
ftikrows that 0(3,4, q, r)\ G(3,4, q, r) is a Hamiltonian circuit and hence has a link 
from A to B. Thus, G(3,4,q,r) has at most one link from A to B, so does 
G(2,4,q,r), contradicting the conclusion of Case 1. 
Before studying D(d, n, q, r) with gcd(n, q) > 1, we remark that if gcd(n, q) = 1, 
then the link-connectivity of G(d, n,q,r) is at least d- 1. In fact, the above proof 
also works if we do not mention anything about D(d, n, q, r) but assume the existence 
of at most d - 2 links from A to B. 
Next, we prove by induction on n that if g> 1 and g 1 d, then G(d, n, q, r) has the 
link-connectivity d - 1 and D(d, n, q, r) has the link-connectivity d. 
We first prove the second part by showing nonexistence of A and B described 
before. Since g 1 n, the nodes of G(d, n, q, r) can be partitioned into n’= n/g groups 
T={i,i+n’,... , i+ (g- I)n’>. In each group, all nodes have the same successors. Sup- 
pose G is the digraph with the nodes O, i, . . . , fi’ such that a link from T to J exists 
iff a link from i to x for some x~Iexists in G(d, n, q, r). It is easy to see that e is 
isomorphic to G(d, n’,q, r). However, we have to pay attention to the fact that n’ 
may not be bigger than d. When n’> d, we know that c is d- 1 link-connected by 
the induction hypothesis. When n’sd, we may look at G as a multigraph. This 
multigraph is the union of G(n’,n’, q, r), . . . , G(d - in’, n’, q, r + In’) where G(n’, n’, q, r) 
is the complete graph of n’ nodes and I= Ld/n'l . So, c is at least d - [d/n’1 
( 2 n’ - 1) link-connected. Since n > d 1 g, we have n% 2 and [d/n’] I min (g, d - 1). 
SO, each node of c has at most min (g, d - 1 } loops. 
Define A = { fi :C, A > and B = {r: Tc B}. Note that each link of e contains g links 
of G(d, n,q, r). If A U B contains all nodes of G, then there are at most 
t(d-1)/g] =d/g- 1 1’ k f m s rom A to B and A and B are nonempty. Since g> 1, 
d/g - 1 rd- 2. Note that if n’> d, then G is d- 1 link-connected. Thus, we have 
n’sd. So, c is at least n’ - 1 connected. It follows that d/g - 1 r n’- 1, that is, dr n, 
contradicting our assumption that n > d. Therefore, there exists a node w of G not 
in A U B, that is, an A #0 and w n B#0. We claim that there exists only one such 
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node. To see this, consider a node a E 3 n A and a node b E w n B. Since a and b have 
the same d successors, there exist d outlinks of &I or b going between A and B. 
If there are two nodes of e not in A U i?, then we will obtain at least 2d links be- 
tween A and B, contradicting the choice of A and B. Similarly, if in A and XO B 
both contain at least two nodes, then we can consider another pair of nodes 
a’ E (X n A) \ {a} and 6’ E (13 n B) \ {b} to obtain other d links between A and B, con- 
tradicting the choice of A and B. Therefore, either R n A or xn B contains only one 
element. 
Now, we claim either A = 0 or B = 0. In fact, if A #0 and &0, then there exist 
at least 2(min{d, n’} - 2) links between A and B since the link-connectivity of G is 
at least min{d, n’} - 1. Those 2(min{d, n’} - 2) links of c contains 2g(min(d, n’} - 2) 
links between A and B. Since n > d and g> 1,2g(min { d, n’} - 2) 1 d - 2. Adding the 
d links induced by X, we obtain more than 2(d- 1) links between A and B, contra- 
dicting the choice of A and B. 
Without loss of generality, assume A = 0. Since (%n A I= (A 112, we have 
IX n BI = 1 and gz 3. Assume W= {a}. Jote that X has a loop iff 2 contains an ele- 
ment having a loop in G(d, n, q, r). Suppose that R hasp loops in e. If a has no loop, 
then there are p links from X\ {a} to {a}. On the other hand, there are d-p links 
from R to B in G. These d-p links induce (g - l)(d -p) 1 d-p + 1 links from A to 
B\X. Thus, there are at least d links from A to B, contradicting the choice of A 
and B. If a has a loop in G(d, n, q, r), then there are g - 1 links from a to R\ (a}. 
Similarly, we can find d-p + gr d links from B to A, contradicting the choice of 
A and B. Therefore, R has no loop. It follows that there exist d links from R to B. 
Those d links induce (g- 1)dzd links from A to B, contradicting the choice of A 
and B, again. 
Now, we prove that G(d, n, q, r) has the link-connectivity d- 1. Suppose to the 
contrary that the nodes of G(d, n, q, r) can be partitioned into two disjoint nonempty 
subsets A and R such that there exist at most d - 2 links from A to B. Since each 
node has at most one loop, we can assume IA I 2 2 and 1 BI I 2. The rest of the proof 
is the same as the above argument for D(d, n, q, r). Cl 
From the proof of the above theorem, it is easy to see the following corollary. 
Corollary. Let d 2 2 and g 1 d. Then, the link-connectivity of G(d, n, q, r) is at least 
d - 1. Moreover, if q + 1 and - 1, then d- 1 links disconnecting G(d, n, q, r) must 
come from a node or go to a node. 
Theorem 3.4. If d = g > 2, then the connectivity of D(d, n, q, r) is d and the connec- 
tivity of G(d, n, q, r) is at least d- 1. 
Proof. We first show that G(d, n, q, r) is the link graph of G(d, n/d, q, r). To see this, -- 
consider a digraph G with nodes ii, i, . . . , n’- 1 where n’= n/d, and links labeled 
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by O,l, . . ..n. Each node T has inlinks i, i+ n’, . . . , i + (d - 1)n’ and outlinks 
qi+r,qi+r+ 1, . . . . qi+r+d-1. Clearly, there is a link from TtoJiffj=qi+r+k 
(mod n’j for some k = 0, . .*, d- 1. Thus, G is isomorphic to G(d, n’, q, r). On the 
other hand, the link graph of G is G(d, n,q, r). Note that gcd(n’,q) 1 gcd(n,q). 
By the corollary of Theorem 3.3, G(d! n’, q, r) has link-connectivity at least d - 1. 
Thus, G(d,n,q,r) has connectivity at least d - 1. We know further, by the d 
link-connectedness of D(d, n’,q, r), that any d- 1 link cut in G(d, n’, q, I’) results in 
two sides both having loops. The loops in G(d, n’, q, r) become nodes having loops 
at them in G(d, n, q, r). Such loops were never elements of a d- 1 link cut in 
G(d, n’, 4; r). This means that there is a loop on either side of any d- 1 node 
cut in G(d, n, q, T), and none of the nodes having loops are in any d - 1 node cut. 
Thus, if the loops are replaced by a directed cycle, then all d - 1 node cuts are 
removed. Hence, D(d, n,q, r) has no d- 1 node cuts, that is, its connectivity 
is d. q 
Corollary. If dz 2, then tke link-connectivity of G(d, n, q, rj is d iff g 1 d and 
G(d,n,q,rj has no loop. If in uddition, g =d, then the connectivity of G(d, n,q, rj 
is d. 
Theorem 3.5. D( 1, n, q, r) is connected iff g = 1 and one of the fo#owing conditions 
holds. 
(1) q=l and r=O. 
(2) G(l, n,q,rj is a circuit. 
Proof. By Theorem 3.1, it is necessary that g = 1. D( 1, n, q, r) is connected iff it is 
a circuit iff G( 1, n, q, rj consists of either n loops or circuits. G( I,, n, q, r) consists of 
n loops iff (!.) holds. Kl 
The characterization for G(l, n, q, r) being a circuit has been studied by Hwang 
[6]. The reader may find the details there. 
4. Discussion 
Note that in the definition of D(d, n, q, rj, we did not say how to connect he nodes 
with a loop into a circuit. In fact, from the last two sections, we can see that it does 
not matter. As long as nodes with a loop are connected into a circuit, our results 
on the link-connectivity and on the connectivity hold. It could be a further research 
topic that specify a way such that the diameter gets better. The references [10,4,8] 
are closely related to the subject studied in this paper. Some parts of the proofs 
could be shortened by referring thern. However, for convenience of the reader, we 
gave ill1 proofs directly. 
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